The objective of this paper is to prove by simple construction, generalized by induction, that the bounded areas on any map, such as found on the surface of a sheet of paper or a spherical globe, can be colored completely with just 4 distinct colors. Rather than following the tradition of examining each of tens of thousands of designs that can be produced on a planar surface, the approach here is to all the ways that any given plane, or any given part of a plane, can be divided into an old portion bearing its original color as contrasted with a new portion bearing a different color and being completely separated from the former colored portion. It is shown that for every possible manner of completely carving out any piece of any planar surface by an indexical vector, the adjacent pieces of the map, defined as ones sharing some segment of one of their borders of a length greater than 0, can always be colored with just 4 colors in a way that differentiates all the distinct pieces of the map no matter how complex or numerous the pieces may become.
more than four colors are required to color the regions" of any planar map "so that no two adjacent regions have the same color" ( [6] , p. 1383). The theorem presupposes that corners, consisting of points shared by three or more colored spaces do not qualify as "adjacent" borders or edges. Logically, this is a necessary presupposition so long as any given "corner" shared by two or more colored spaces consists of a single dimensionless point. This is the same as saying that any adjacent border between two distinct regions of the map must have a length greater than zero.
However, proof of the four-color theorem turned out to be more difficult than seemed likely at first blush [1] [6] [7] and even now it ranks higher in complexity than many others including, for instance, Riemann's Hypothesis [2] [3] . It is not known whether it is possible to meaningfully define a "highest complexity order of well-known mathematical problems" ( [2] , p. 10) or how high in the mix the four-color theorem might rank with respect to such a theoretical limit if one could be defined, but we do know historically that the first satisfactory proof of the four-color theorem was not achieved until 1976, 124 years after it was clearly stated. Also, the first satisfactory proof relied heavily on the brute force of modern computing to examine the multitudinous adjacent pieces of map coloring puzzles that were constructed by combinatory algorithms on a planar surface [1] .
Over the last several decades, it has become increasingly feasible to assess the validity of cumbersome formalized mathematical proofs by taking advantage of the speed, power, and accuracy of modern computing. However, the advantages of automated auditing of formalized proofs, such as the proofs of the four-color theorem, presents special difficulties to human auditors. Efforts along that line have led to a rephrasing of the longstanding question of "artificial intelligence". Govindarajalulu, Bringsjord, and Taylor put that question like this: "Is it possible to apply computational power to generate entirely new proofs not previously discovered by humans?" ( [8] , p. 2077). Of course, it almost goes without saying that proofs, or audits of proofs, dependent on the brute force of modern computing are probably going to be difficult for slower and more fallible human auditors who are hard-pressed to access, remember, or otherwise carry out very large numbers of computations in whole lifetimes not to mention in reasonable segments of our ordinary wakeful experience [9] [10] . If humans have difficulty checking the computations of a super-computer or a network of such computers, how will it be possible for them to check the computer audit of a proof of one or many difficult formalized proofs dependent on the speed, power, and accuracy of the technology? For that reason, as argued long ago by the Earl of Ockham, by Galileo, and also by C. S.
Peirce [11] [12] , simpler theories and simpler proofs are much to be preferred.
Although the four-color theorem is believed to be true, and its complex computerassisted proofs are believed to be valid, certain conjectures related to that theorem remain unproved and simpler proofs of the four-color theorem itself are still being sought. In 2012 Cooper, Rowland, and Zeilberger took some steps toward what they described as a "language theoretic proof" involving the parsing of binary trees. They argued that within their simple grammar the proposition "that every pair of trees has a common parse word is equivalent to the statement that every planar graph is four-colorable" and they also supposed that the results they achieved "are a step toward a language theoretic proof of the four color theorem" ( [4] , p. 414). Yet they do not claim to have completed such a proof though it seems that if such a proof can be completed, it may be simpler than the existing computer-assisted proofs. concepts to understand the proof, it is useful to point out the fact that indexes always aim to separate some entity (or abstract concept) that is singled out for attention, or for coloring in the four-color map problem, from all other things (or from all other concepts) that might have been attended to (or that might be colored distinctly from all adjacent pieces in the four-color map problem).
In the case of map-making, it is the role of every index in a well-formed map to separate any colored space contained within its scope from all other spaces. To accomplish that function, every indexical boundary in any well-formed planar map must be binary in two critical respects: for one, it forms a boundary completely separating (1) its contained space from (2) all other spaces on the map, and, for another, if during the construction of the map, the completed boundary is cut by a new index so as to form a new and distinct space on the map, the index in question can only possess at most two ends:
(1) the beginning end and (2) the final end of the cut that joins its own beginning or some other edge of an existing boundary to fully enclose the new bounded space on the map. It is necessary that the two ends of the new space meet up with each other by being connected through the completed boundary enclosing the new space. If these binary aspects of every index that might be used to create a new space on a colored map are kept in mind, that peculiar binary nature will assist the reader in understanding the rigor and completeness of the following proof.
A Simple Indexical Proof of the Four-Color Theorem by Construction
To begin, we can color any bounded surface in 1 color as in Figure 2 . Next, we can cut the existing map into two completely bounded and separated pieces with an index that Figure 6 . But suppose the new island should partially overlap all three of the existing colored spaces in any configuration as abstracted in Figure 7 . In that case, a 4 th color would be needed, but with just 4 colors all of the adjacent bounded parts of the whole surface could be colored and would be differentiated in all possible cases constructed in the manner described irrespective of the shapes of the adjoining spaces filling the entire map. Yet, suppose next that a new island should emerge anywhere on the now four-colored map: 1) If the new island (entirely irrespective of its shape) should be completely contained within any distinctly colored area of the map, any of the other 3 contrasting colors could be chosen to differentiate that island (exactly as already shown in the abstracted diagrams in Figure 3 , Figure 4 , and Figure 6 which together cover all possible cases up to that level of complexity); 2) if the newly emergent island should overlap 2 existing colored areas, either of the 2 non-overlapped colors could be chosen to differentiate the new island for all possible cases of that complexity (as abstracted in the diagram of Figure 5 ); 3) if the new island should overlap 3 existing colored spaces, irrespective of its shape, the 4 th color could be chosen for all possible cases of that complexity (as abstracted in Figure 7 ). Finally, we can prove that if the new island should over-lap any number of spaces already colored by at least one of the 4 distinct colors, it must always be possible to recolor the whole map using no more than the 4 existing colors so as to differentiate the new space from all the existing adjacent colored spaces no matter how numerous the overlapped spaces might be.
To see that this must be so for all possible cases, consider first the four corners problem illustrated in the actual map of the United States at the intersection of Arizona, Utah, Colorado, and New Mexico, as shown in Figure 8 . The proof that an emergent island overlapping all four existing colored spaces can always be differentiated from them by recoloring all or some portions of the map can be demonstrated by imagining a map of the sort abstractly represented in Figure 9 where, to illustrate the following But let the new island be transformed into a different shape by cutting to its center and stretching it into a ribbon as suggested in Figure 10 . We can, in principle, always do this kind of transformation at any nexus of borders of any given newly created polygon.
This expansion is possible for the entire polygon regardless of the number of corners it may share with other colored spaces at its perimeter. To prove this is so, imagine the point where the borders of Arizona, Utah, Colorado, and New Mexico meet at or near the Four Corners Monument as shown in Figure 8 . By expanding the point at any such corner into a circle of radius greater than zero, or into a polygon of any number of sides, as abstractly suggested by the black circle in Figure 9 , we discover the necessary outcome that every adjacent surface sharing an arc of the circle, or any segment of any polygon, no matter how small that arc or segment might be, can only be bordered by a maximum of 3 spaces as shown in Figure 11 and Figure 12 5 Figure 10 . A polygon of any shape can be cut at some part of its border and straightened into a ribbon as suggested abstractly by the cutting of a circle to its center and stretching it into a ribbon while maintaining the sequence of points along its border including any that may be shared by an adjacent but distinctly colored part of the map. Figure 11 . However, given that no more than three adjacent colors can exist at any point (corner) shared by three or any number of adjacent spaces having such an un-extended corner point (one of 0 dimensionality), exactly four colors are sufficient to color any planar surface whatsoever as suggested in the following figure. The constructive proof is produced by straightening the abstracted border of the new island whether it be a perfect circle as suggested abstractly in the diagram of Figure 10 , or whether it be a polygon with any number of its own internal corners which may or may not be shared by more than one of the other colored spaces on the map. The constructive proof only requires that the border of any newly constructed island (whether it be a perfect circle or a polygon of any number of sides) that may be added to the map be transformed into a ribbon (a binary index). As shown in Figure 11 and Figure 12 for the case of an island overlapping all four existing colors on the map, by cutting the circle (or any polygon) at some point on its border and straightening it into a ribbon (see Figures 10-12 ), provided only that adjacent colored spaces are kept in the same relative positions moving away from the cut in either direction, no corner bordering the new island at any point on its perimeter (now stretched into a line segment as abstractly shown in Figure 12 ) can be bordered by more than 2 distinct adjacent spaces. Moreover, given that any adjacent pair of corners marks the division of at most 3 spaces on Further, given that it is not possible to construct any additional spaces in any portion of any planar map by any method other than the ones already examined, the proof is complete. To fault the proof it would be necessary for any would-be critic to show by any method of construction how it is possible to make an indexical cut of any bounded portion of a map in a manner that divides an existing space so as to produce a nexus of 2 adjacent corners on the perimeter of that new island that mark the intersection of more than 3 spaces with boundaries adjacent to the new island. But, that cannot be done, because we have already examined all of the possible ways of dividing any colored space on any map into an old space and a new one. We have also examined the corner problem in a manner showing that any number of corners joined at any single point on the map, or at any number of points on the perimeter of any given piece of the map, old or new, can always be resolved as already shown by the foregoing construction. Also, the simple proof presented here suggests that a "language theoretic proof" along the lines of [4] can probably be completed.
Conclusion
By induction from the foregoing constructions, it follows that any map, including the infinitely complex sorts constructed in the complex number plane as differentiated into the fractal patterns of the Mandelbrot set, sampled in Figure 13 , can also be colored so that all of its bounded spaces are differentiated by no more than 4 colors.
